Abstract-This paper proposes a novel way to design seismic migration Finite Impulse Response (FIR) digital filters using the Newton minimization algorithm. The algorithm requires computing the inverse of the Jacobian matrix, which is nonsquare for the seismic migration filters problem. In this case, we suggest using the Moore-Penrose pseudo-inverse to obtain the inverse of the Jacobian matrix. The proposed design algorithm running time is about 8 times faster than the recently proposed L1-norm algorithm. Furthermore, the proposed method results in seismic migration filters that lead to practically stable seismic images.
I. INTRODUCTION
Seismic data analysis is performed for numerous applications such as petroleum exploration, determination of the earth's core structure, monitoring earthquakes, etc., [1] . The oil industry is interested in imaging the earth subsurface layers using seismic waveforms. Due to factors related to the geological structure of the earth itself, the layers appearing in seismic sections are incorrectly positioned and the resolution of such sections are also affected. Hence, seismic imaging is very critical in obtaining accurate images of the subsurface [1] .
There exist many proposed techniques to image the recorded seismic data [1] - [4] . Seismic migration (using as frequencyspace (f − x)) filters have been developed to address strong lateral variations of the subsurface structure velocities, a common occurrence in the earth subsurface layers [1] , [5] - [8] . If two-dimensional (2-D) seismic data is considered, the f − x seismic imaging process requires filtering seismic wavefields in the f − x domain. The filtering is based on the following (normalized) one-dimensional (1-D) desired wavenumber response [8] :
where k x is the normalized horizontal wavenumber. Note that b = ∆z/∆x is a constant, where ∆z is the depth-sampling interval and ∆x is the spatial sampling interval. Note that k c is the normalized cut-off wavenumber. In the case of acoustic seismic imaging it can be given by:
where ω is the angular frequency and c is the velocity of the medium. Both the magnitude and the phase spectra are of even symmetry and, hence, the filter coefficients are complex-valued.
To accommodate for the strong lateral variations, researchers have, over the last two decades, focused on approximating Eq. (1) by an N -length (N is odd) non-causal Finite Impulse Response (FIR) digital filter that is of even symmetry (see for example [6] , [7] , [9] - [13] ). This filter can be mathematically represented as:
where h[n] represents the seismic migration FIR filter coefficients, which are complex-valued, M = N −1 2 , and δ[n] is the unit sample sequence.
In this paper, we show that the seismic migration FIR filter design problem can be formulated and solved using the Newton's method. The resulting filters are efficient than some existing techniques such as the L 1 -norm designed seismic migration filters reported in [8] and result in practically stable seismic images. We present the Newton's-based seismic migration FIR filters design method and algorithm in section 2. Next, in section 3, we present simulation results and comparisons of designed seismic migration FIR filters. In section 4, we discuss a few practical algorithm points. Finally, we conclude the paper in section 5.
II. THE NEWTON'S-BASED SEISMIC MIGRATION FIR FILTERS
The aim is to determine the set of the seismic migration FIR filter coefficients h[n] such that H(e jkx ) given by Eq. 3 fits the ideal (desired) wavenumber response H d (k x ) given by Eq. 1. When sampling the wavenumber independent variable k x into R samples, we can restate the seismic migration FIR filter design problem (based on [8] ) as follows:
or, equivalently,
where
and, finally,
Note that, in this case, H d is of dimension R × 1, C is of dimension R × M and h is a vector of size M × 1. Also, note that * denotes the Hermitian conjugate.
Using the first a few terms of Taylor series of F(h) = 0 (we showed in Eq. 5) in the vicinity of a possible seismic migration FIR filter solution h, the set of the seismic migration filter coefficients that satisfies Eq. 5 can iteratively be found using the Newton's method [14] . That is:
where B is the Jacobian matrix and is given by:
. . .
∂F2 ∂h [1] . . .
Note that F 1 , F 2 , . . . , F R represent components of Eq. 5. We can easily show that B = C, which means that the Jacobian matrix is independent of h. Hence, we can write Eq. 9 as:
Note that C is not invertible since it is of dimensions R × M , where usually R M . Hence, we suggest using the MoorePenrose pseudo-inverse [15] of the Jacobian matrix C instead.
A. Proposed Newton-based Design Algorithm for Seismic Migration FIR Filters
The proposed Newton's algorithm for designing the seismic migration FIR filters is, hence, summarized as follows. The algorithm starts with an arbitrary complex-valued vector h 0 . Choosing a filter length N and a wavenumber cut-off k c , then for the k th iteration, we will use the following steps:
1) Formulate the matrices C and H d based on Eqs. 7 and 8, respectively. 2) Compute F(h k ) using Eq. 5. 3) Compute the Moore-Penrose pseudo-inverse of the Jacobian matrix C. 4) Obtain h k+1 using Eq. 11.
If the mean square error between h k and h k+1 is less than or equal to a predefined threshold , stop the algorithm; otherwise, repeat steps 2 − 4. 
III. SIMULATION RESULTS
In this section, a 1-D complex-valued FIR seismic migration digital filter is designed using the Newton algorithm given in section 2. Figure 1 show the Newton's seismic migration FIR filter wavenumber magnitude and phase responses, respectively, for a normalized k c = 0.25, ∆z = 2 m, ∆x = 10 m, N = 25 with a MSE of = 10 −35 , and R = 512. Clearly the response of the designed filters approximate the response of the desired filters and , hence, can result in stable seismic migration [7] . Also, from Figures 1 (a) and (b), we see that the proposed method results in a better magnitude response as well as comparable phase response with that of the L 1 -norm seismic migration FIR filter reported in [8] . In addition, Figure 1 (c) plots the mean-square error between consecutive iterations versus the number of iterations required to meet the pre-defined stopping threshold for the designed filter. The algorithms required 49 iterations to converge with = 10 −35 . Also, Table I shows that the running time for designing the seismic migration FIR filters using the proposed method is about 8 times faster than the one designed based on the L 1 -norm algorithm. This is despite the fact that it took more iterations than the L 1 -norm algorithm.
Finally, to prove the concept, we designed and stored in a look-up table (e.g., [9] , [16] ) a set of 1260 frequency-velocity dependent seismic migration FIR filters with a maximum frequency f max = 45 Hz, a filter length of N = 25 coefficients, and the MSE = 10 −35 . On account of symmetry conditions, only 13 out of the 25 coefficients were stored. Also, the used number of wavenumber points R = 512. The filters were implemented in a poststack explicit depth extrapolation method as reported by Holberg [9] . In this method, the filter coefficients are implemented as a spatially varying convolution. In this case, lateral velocity variations can be accommodated for data similar to the SEG/EAGE salt model (see [7] , [8] ). The SEG/EAGE salt data parameters were ∆z = 2 m, ∆x = 10 m. Figure 2 shows the imaging result obtained by using the 25-length seismic migration filter coefficients designed with the proposed Newton's algorithm. Furthermore, Figure 2 shows that the designed Newton-based filters lead to practically stable seismic images. That is, when using such designed filters (meeting the seismic migration design requirements) in such an extrapolation method, the seismic data amplitude values from the pervious extrapolation step are neither amplified nor attenuated. Hence, the images are practically stable. 
IV. DISCUSSION
The initialization of the algorithm when designing 1-D seismic migration FIR filters using the proposed Newton-based method is important to discuss. A good choice could be to start with an approximation of the ideal filter response to initialize the algorithm. This is obtained by inverse Fourier transforming the ideal filter wavenumber response into the space domain, saving a number of the early iterations. Another way, which we have adopted here, is to make h 0 equal to the least square solution (see [8] ). Starting with any of the above suggestions will decrease the probability of the proposed algorithm diverging. This would further be investigated in future work.
V. CONCLUSIONS
In this paper, we demonstrated that the problem of designing seismic migration FIR filters can be formulated and solved based on the Newton's method. The proposed design algorithm running time is about 8 times faster than the recently proposed L 1 -norm algorithm. We showed an application of the filters on the SEG/EAGE benchmark seismic model data set. The designed Newton-based filters lead to practically stable seismic images. Finally, it is straight forward to extend the paper's proposed methods to design efficient 2-D seismic migration FIR filters, that could used to migrate 3-D seismic data. This is an undergoing research work.
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